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Abstract. The p-modulus mod p (7 r ) of a foliation J 7 on a Riemann- 
ian manifold M is a generalization of extremal length of plane curves 
introduced by L. Ahlfors. We study the variation t H> modp(J r t ) of the 
modulus. In particular, we consider product of moduli of orthogonal 
foliations. 



I. Introduction 

Modulus, an inverse of extremal length, of a family of a plane curves is a 
conformal invariant pQ . The notion of a modulus can be generalized to any 
family of submanifolds [H [2] and, hence, to a foliation. Roughly speaking, 
the p-modulus mod p (J r ) of a £;-dimensional foliation on a n-dimensional 
Riemannian manifold is the infimum of p-th norm over all nonnegative, p- 
integrable functions / such that j L f > 1 for almost every L G J 7 . If n = kp, 
then the amount mod p (J r ) is a conformal invariant. 

In this paper, we study the variation of a modulus. We generalize the 
result obtained by Kalina and Pierzchalski [5] for codimension one foliations 
given by a submersion. We assume the existence of a function fo which real- 
izes the p-modulus and do not put any requirements on the dimension and 
codimension of a foliation on a Riemannian manifold (M,g). The methods 
used here are different than the one used in [5] and rely on a integral formula 
obtained by the author in [3J: 

/ f%~ 1 tpd/jiM= / fofidfiM, where tp(x) = / (fd/jL Lx . 
Jm Jm Jl x 

The main formula is the following 
(1-1) fmod p (F t f t=0 = ~pJ fo' 1 GKV/o,X) + /odiv^X) d m . 

which is valid for all admissible foliations i.e. foliations satisfying certain 
assumptions (see Theorem 14.11) . We show that all foliations given by a sub- 
mersion are admissible (Theorem I3.ip . 

Using the formula (II. ip we obtain conditions for a foliation to be a critical 
point of a variation. We show that foliation is a critical point of a varia- 
tion if and only if the gradient of extremal function f is a combination of 
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mean curvature of a foliation and distribution orthogonal to this foliation 
(Corollary S3]). 

2. Preliminaries 

Let (M , g) be a Riemannian manifold, J 7 a A;-dimensional foliation on M. 

Let [Am and //£ denote Lebesgue measures on M and L G J 7 , respectively. 

Fix the coefficient p > 1 and let L P (M) be a space of all p-integrable 

i 

functions on M with respect to fi M with the norm ||/|| p = (f M \f\ p c^m) p ■ 
Denote by adm p (J r ) a subfamily of L P (M) of all nonnegative functions / 
such that f L fdfj,L > 1 for almost every L G J 7 . The p-modulus mod p (J r ) of 
J 7 is defined as follows 

modpp 7 ) = inf ||/|| p 

/Sadnip (J-j 

if adm p (J r ) 7^ and mod p (J r ) = 00 otherwise [3]. Function / G adm p (J r ) 
which realizes the modulus i.e. 

\\fo\lp = modp(J') 

is called extremal function for p-modulus of J 7 . An extremal function does 
not exist for any foliation. Namely, we have the following characterization 
of existence of fo- 

Proposition 2.1 (|3J). There exists an extremal function for p-modulus of 
a foliation T if and only if for any subfamily C C T such that mod p (J-") = 
we have fj,(\JC) = 0. 

Remark 2.2. Notice that the modulus for any subfamily C C J 7 is defined 
in the same way considering functions defined on M not only on [J C. 

The extremal function has the following properties. 

Proposition 2.3 (|3J). Assume there exists an extremal function f for 
p-modulus of J 7 . Then 

(1) f L fo = l for almost every leaf L G T , 

(2) f > 0, 

(3) for any ip G L P (M) we have ip G ^(L) for almost every leaf L G J 7 . 

Assume there exists an extremal function for a p-modulus of a foliation 
J 7 . Then, by Proposition I2.3[ for any ip G L P (M) we have <p G L l (L) for 
almost every L G T . Hence, the following function 



(p{x) = / (fid/j Lx , x G L x G 7. 

J L x 



is well defined. 
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Theorem 2.4 (|_3J). Let fo be an extremal function for p -modulus of J 7 . Let 
ip G L P (M) be such that esssup|c^| < oo and esssup|<^| < oo. Then 

/ fo~ 1( Pd(JlAi= / fofidflM- 

Jm Jm 
Consider now a foliation J 7 given by the level sets of a submersion $ : 
M —> N i.e. T = {$ _1 (y)}j /e Ar. Decompose the tangent bundle TM into 
vertical and horizontal distributions 

TM = V®H, V = ker$„ H = V ± , 

where _L denotes the orthogonal complement with respect to Riemannian 
metric on M. Then Q* x : Ti x — > T^^N, x G M, is a linear isomorphism. 
Let : T$( X )N — > TL X be an adjoint linear operator. The Jacobian J$ of 
$ is equal 

J$(x) = ^det(^ x o $z x : n x ^n x ), xeM. 

The condition for existence of an extremal function for a foliation given 
by the level sets of a submersion takes the following form. 

Proposition 2.5 ([3]). Let J 7 be a foliation defined by a submersion $ : 
M — > N such that J$ < C for some constant C. Let L x denotes the leaf 
of J- through x G M and put = {x G M : fiL x {L x ) = oo}. Assume 
moreover \i m(M) < oo. Then, there is an extremal function for p -modulus 
of J 7 (for any p > 1) if and only if piM^ oo) = 0. 

There is an explicit formula for an extremal function in the case of a 
foliation given by a submersion. 

Proposition 2.6 ( [5J [3] ) - If fo is an extremal function for p-modulus of a 
foliation J 7 given by the level sets of a submersion $ : M — > N, then 

3. Admissible foliations 

Let (M,g) be a Riemannian manifold, p > 1. Let X be a compactly 
supported vector field on M, ip t a flow of X. Let J 7 be a foliation on M and 
put T t = VtiJ 7 )- 

We say that X is admissible for p-modulus of T if, for some interval 
/ = (— e, e), we have 

(Al) there exists an extremal function f t for p-modulus of Tt for all t G I, 
(A2) the function a(x, t) = (f t o tpt)(x) is C 1 -smooth with respect to 
variable t G /, 

(A3) there is hi G L P (M) such that \a(x,t)\ < hi(x) for all t G /, 
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(A4) there is h 2 e L P (M) such that \^(x,t)\ < h 2 (x) for all t E I. 
In addition, if every compactly supported vector field is admissible for 
p-modulus of J 7 , then we say that T is p- admissible. 
The main result of this section is the following. 

Theorem 3.1. Let J 7 be a foliation on a Riemannian manifold M given by 
the level sets of a submersion $ : M — > N. Assume 

(1) C\ < J$ < C 2 and 1 < C 3 for some positive constants C\, C 2 , C s , 

(2) an extremal function for p -modulus of J 7 is smooth (p > 1). 

Then J 7 is p-admissible. 

Proof. Let X be compactly supported vector field on M and let tp t be a flow 
of X. Put T% = tptiJ 7 ). Then J-j is given by the level sets of the submersion 
$ t = $ o (p- 1 : M ->■ N. Moreover 

where J^tp^ 1 is a smooth function depending only on differential </?t* of the 
map (p t . 

Let L* denotes the leaf of Tt through z G M i.e. 

We divide the proof into few steps. 

Step 1 - there exist an extremal function f t for p-modulus of J-'t. 
Since C\ < J$ < C 2 and ip t is a flow of compactly supported vector field 
then the Jacobian J$ t is bounded. Since Hm{.Foo) = 0, then /iAf((^i)oo) = 0, 
hence, by Proposition ^. 51 there exists an extremal function f t for p-modulus 
of Ft. By Proposition 12.61 we have 

/*(*) = {Mt) ^ {z) 

(3,1) (j$o V ,- i (^))F ± T(jvr 1 W)^ T 



/ L (J$)-- 1 ((J ± ^ 1 )o^).-lJ T V 9 i (i /Ui 

Pi (i) ft ( z > 



Step 2 - function t i— >■ a(a;, t) = (/ t ° ¥?t)(£) is C 1 -smooth. 
By dSD) 

(3.2) (ft°<Pt){x)- 



f L o(J$)*- 1 ({J ± <Pt r )0ip t )^J T ip t dfJ, L Q 

Functions 

t^f3 1 (x,t) = (JV^'^W))^ 

and 

t ^ (3 2 (x,t) = ((jVr 1 ) ° vt)^J T vt 
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are smooth and positive. Since X is compactly supported, for any closed 
interval I containing G M, functions 

(3x(x,t), ^(x,t), fo(x,t), jjf&t), (x,t)eMxI 

are bounded. By Lebesgue dominated convergence theorem, function / 3 
1 1 — y a(x, t) is differentiable. Analogously, we show that this function is twice 
differentiable, hence is C 1 -smooth. 



Step 3 - \f t o<p t \ < Cf and \f t (f t o(p t )\ < Cf for some C > 0. By Q 



l(/t° | 



f L Jj$)r-if3 2 {x,t)dll L * 



< C- 



f L JJ$)^d m 



Cf 



and 



It (/i ° K 



(J$) 



at 



( J$) P^ft (X, t) ■ f L0 (J$)^^( X ,t) dfi L o 



J L v(J<S>)p-if3 2 (x,t) d/i L o) 



< C 



(J$)~ 



Li 



C" 



(J$)i»-i / LO (J$)p-irf/X L o 



/ LO (J$)p-id// L o 



Step 4 - inf f > 0. 
Follows from the fact that C\ < J$ < C 2 and 1 < C3 i.e. 

1 

fo > -\— > 0. 

era, 



By above theorem we get immediately the following corollary. 



□ 



Corollary 3.2. Let J 7 be a foliation given by the level sets of a submersion 
$ : M — > N, where M is compact. Assume an extremal function for p- 
modulus of J 7 is smooth. Then T is p-admissible. 



4. Variation of modulus 

In this section, we consider the variation of p-modulus under the flow of 
compactly supported vector field. The formula for a variation implies some 
results about an extremal function. 



6 



M. CISKA 



(4-2) -J T tp t (x) t=t0 = J T <f to {x)div Tto X, 



Let J 7 be a fc-dimensional foliation on a Riemannian manifold (M,g). 
Denote by divjrX the divergence of a vector field X e T(TM) with respect 
to leaves of J 7 i.e. 

k 

div^x = ^(v ei x, a), 

i=l 

where e\, . . . , is a local orthonormal basis of TT and V the Levi-Civita 
connection on M. Let Hjr and H T ± denote the mean curvatures of J 7 and 
the distribution F ± orthogonal to J 7 , respectively. If X is tangent to J 7 then 
the divergence divM^ on M and the divergence on the leaves divj^X are 
related as follows 

(4.1) dw M X = div^X - g(X,H^), X e T{TT). 

Moreover, if ip t is a flow of a vector field X G Y(TM) and = (ft(F), 
then 

d 

eft' 

where J T tpt is the Jacobian of ip t restricted to leaves of J 7 . In particular, 

^J T (p t (x) t=0 = dWjrX. 

Theorem 4.1. Let J 7 be a foliation on a Riemannian manifold (M,g). 
Let X be compactly supported vector field on M , which is admissible for 
p-modulus of J 7 . Assume there exists smooth extremal function f for p- 
modulus of T . Then, the following formula holds 

(4.3) jmod p (F t ) p t=0 = -P^fo' 1 G?(V/o, X) + / div^X) d m . 

Before we prove above theorem we will need the following technical 
lemma. 

Lemma 4.2. Let h : M x M 2 — )• R be defined as follows h(x,t, s) = (f s o 
(pt)(x). Then 

dh dh df s 

— (x,t,s) = g{Vf s {^ t {x)),X^ t{x) ), —(x,t,s) = -^(ip t (x)). 

In particular, 

(4-4) j t {ft o HH){x) = g(WfMx)),X Mx) ) + ^ (<p t ( x )). 

Proof Consider two maps F:MxM-^lRandy?:MxlR^lR, 

F(x, s) = f s (x) , (p(x,t) = (p t (x) . 
Then h — F o {ip, ids). Hence 

m =h *Jt = F *^^'°) = F *( x ' ) = fs * x = di^fs.x) 
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9h ^ d . d . d/ s 
<9t * ds * ' ds ds 



□ 



Proof of Theorem \4-l\ Since X is admissible for p-modulus of J 7 , then there 
are functions h\,h2 G L P (M) such that conditions (Al) and (A2) hold. By 
Lemma 14.21 and (14 .2p we have 

1^ ((ft ° ft) J T ¥t) | = |^ (/t o p t ) ^V* + (/t ° Vt) J T ^tdivj-X| 

< |^ (/< ° ll-J ¥>t| + I/* ° <Pt\\J ^||divjrX| 

< dhz + CxCih, 

where J T v?t < Ci, t E I, and divjrA < C2. Function h = Cxhi+CxCihx is in 
L P (M), hence, the existence of extremal function / implies that h G ^(L) 
for almost every leaf L G T (Proposition 12. 3p . By Lebesgue dominated 
convergence theorem, Lemma 14.21 and (14. 2 p for any L G T we have 

~d~t (/^* ° ^ jT(ptd ^y = J ^((ft°ft) jT Vt)t=od^ L 



f (9(Vfo, X) + (^)t=o + /odiv^A) djiij. 



Let L 4 denotes the leaf of i.e. L t = ift(L), L G J 7 . Since, by Proposition 
E21 J it / t d/i it = 1, then 

Hence, by above, 

J(^)t=o d^L = - ] Wh> X) + /odiv^-A) d^ L . 



Notice that 



J(^)t=o dfi L = f L ^(ft 0( Pt 0i Pt X )t=o d^ L 
< C / h\ djiL 



for some constant C > 0. Since esssup|/ii| < 00, it follows that 

esssup|(— ) t=0 | < 00. 
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d 



Hence we may use Theorem 12.41 for ip = (-Jr) t=0 . Moreover, we have 



/ ftdfj, M = / ffdfi M = / Ut°Vt) p JVtd^M 

JM J<pt(M) Jm 



and 



\j t ((f t o y t fJipt)\ = \p(ft o ^r^Cft o <p t )M + (f t o Vt) P j t {M)\ 
< C'K{- l h 2 + C"h\ 

for some constants C , C" > 0. By Holder inequality function h p ^ 1 h 2 is 
integrable on M , hence function C'h p ~ 1 h,2 + C"h\ is integrable on M. Thus, 
by Lebesgue dominated convergence theorem and Lemma [4.21 

d 

~~ ~dt 



(ft o (pt) p J^td/J, L 

M J t =0 

d 

M OX 



[ (Pfo 1 4:(ft ° ¥t)t=o + fodivX) dfi M 
Jm ox 

f (pfl\g(Vh, x) + A t=0 ) + tfdivx) dii M 

Jm ox 

! (pf p - 1 g(Vh,X) + f^X)d^ M + P f f^A^dfi 
Jm Jm ox 

div(f$X)+ P J f^i^odiiM 



M 

P J -^o _1 (^)t=o dji M . 



Finally, by Theorem 12.41 we obtain 

-^mod£(Tt)t=o = p J f p (^) t=0 dfi 



-V [ fH(g(Vfo,xJ+~f dw T X)dfi M 
Jm 

-P [ f^\g(Vf ,X) + f diY T X)dfX 
Jm 



□ 



Variation of modulus implies the condition for tangent gradient of an 
extremal function (compare Corollary 4.4 [3]) 

Corollary 4.3. Let J 7 be a foliation on a Riemannian manifold (M,g). 
Assume all compactly supported vector fields X tangent to T are admissible 



I'M 



l-M 
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for p -modulus of J 7 . Then 

V T (log/ ) = ^-^x. 
p — 1 

Proof. Let X G r(TJ r ) be compactly supported. Then the flow ip t of X 
maps J 7 to J 7 , hence Tt = J 7 for all t. Thus, by Theorem 14.11 and formula 
14.11 we have 

= -P [ /r'GKVjb, X) + /odiv^X) cZ// M 

J M 

= ~P I fr\giyf 0) X) + f (div M X + g(H^,X)))dfi t 

JM 

= [ (-pf^ 1 g(Vfo 1 X)-pf^diY M X + g(H^,X)))d^ 

J M 

= [ (-g(Vf?,X) -p(dw M (f?X) - g(Vf ,X)) -pf$g(H^,X))dfi M 

JM 

= I {g(pVfi, X) - giVfl X) - pf»g(Hj:x,X)) dm- 

JM 

Therefore, for compactly supported vector field X G T(TJ-) 

= ^modp(j;)^ =0 = p J /o"V((P - l)V/ - f H T ±,X) dy. M . 

Since X G r(TJ r ) is arbitrary, it follows that 

(p-l)V T / -/o^ =0. 

□ 

Let J 7 be a p-admissible foliation on a Riemannian manifold M. We say 
that J 7 is a critical point of a functional 

(4.5) J 7 h-> mod p (J 7 ), 

if for any compactly supported vector field X we have ^■mod p (^ 7 t ) = 0, 
where J-^ = <pt{F) an d ¥>t is a fl° w °f 

The following result gives the characterization of critical points. 

Corollary 4.4. Let J 1 be a p-admissible foliation on a Riemannian mani- 
fold M. Then, J 7 is a critical point of (14.51) if and only if 

(4.6) Vi\ogf )=pH F + qH^. 

where fo is an extremal function for p -modulus of J- andp,q are conjugate 
coefficients i.e. - + - = 1. 



Proof. We begin proof by stating general facts. By Corollary 14.31 

(4.7) V T (log/ p ) = -?-Hr± = qH^. 

p — 1 
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Moreover, since divj^X = g(X, Hp) for X G r(T J -J r ), then 

(4.8) |mod p (^)Lo = -V J giyfo - f§Hr, X) dfi M 

for all compactly supported vector fields X G r(T J -J r ). 

Assume J 7 is a critical point of a functional ( 14. 5p . Then by (14. 8 p we get 
V^f = fiHr, hence 

V ± (log/ O p )=^. 

This, together with (14. 7p . implies (14. 6p . 

Assume now (14. 6 p holds. Right-hand side of (14. 3p is linear with respect 
to X. Moreover, for X tangent to J 77 we have (compare proof of Corollary 
14. 3p ^mod p (J-t) i= o = 0. Hence, by (14.81) . it suffices to show that 

/ g{Vf p G -f p H Tl X)d m = V 

J M 

for all compactly supported vector fields X G r(T ± J r ). This follows by 
assumption (I4.6p . which implies V _l (/q) = foHjr. □ 

Now, we consider the case of two orthogonal foliations i.e. we assume that 
for a given foliation J 7 on a Riemannian manifold (M, g) the distribution 
Q = T 1 - is integrable. Let p, q > 1, be conjugate coefficients i.e. i + - = 1. 

Theorem 4.5. Assume J 77 is p- admissible and Q is q-admissible. Then the 
following conditions are equivalent: 

(1) J 7 and Q are a critical points of the functionals 

J 7 i — y mod p (J r ) and Q h-> mod q (Q), 
respectively, 

(2) the pair (J 77 , Q) is a critical point of a functional 

(J 77 , Q) H> mod p (J r )modg(^), 

(3) the extremal functions fo of p-modulus of J 7 and g of q -modulus of 
Q are related as follows 

(4.9) mod q (gy • f Q = mod p (^) p • g«. 
Proof. (1) =>- (2) Follows from the equality 

(4.10) ^(mod p (J- t )mod g (^)) t=0 = 

^mod p (J r i ) t= o • modg(^) + modp(J r ) • ^modq(^ t ) t=0 . 

(2) =>- (1) By existence of extremal functions of p-modulus of J 77 and q- 
modulus of Q, it follow by Proposition 12.11 that p-modulus of J 7 and q- 
modulus of Q are positive. If X G T^J 77 ), then |mod 9 (^) t=0 = 0, hence, 
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by ®M, 

— mod 3 ,(J*t) t=0 = 0. 
at 

If X G r(TJ r ), then mod p (J-'t)t=o = 0. Since the variation of modulus is lin- 
ear with respect to X, it follows that ■^m.od p (J-'t)t=o = for any compactly 
supported vector field X. Analogously ^m.od q {Q t )t=o = for any compactly 
supported vector field X. 

(1) (3) By Corollary 14.41 condition (1) is equivalent to the following 

(4.11) V(log/ O p ) = pH T + qHg = V(log^). 

Assume (1) holds. Then by (14. lip , /g = Cgl for some constant C > 0. 
Hence f and g are Holder dependent. Thus 

mod p (J r )modg(^) = ( / fod/j, M ) ( / gld^M) = / /o#o 4*m 

i i+i i f 

Crg£ dfi M = Cp / gldpiM 

M JM 



Crmod q (g y. 



Therefore 



C 



mod p (J r ) p 



so (US]) holds. 

Assume now / and go are Holder dependent and (14. 9p holds. Thus 

(4.12) V(log/ p ) = V(log^). 

By Corollary 14.31 we have 

V T (\ogf,) = qH g and V°(log = pfl^, 

where V' 77 and V e denote tangent to J 7 and to part of the gradient, 
respectively. By above equalities and by ( I4.12p 

V(log/ O p ) = V^(log/ O p ) + V e (log^) = qH g +pHr, 

hence, by Corollary 14. 4[ J 7 is a critical point of a functional ( 14. 5p . Analo- 
gously, Q is a critical point of a functional (14. 5 j) with a coefficient g. Therefore 
(1) holds. □ 
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